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c(x) : f(x) ♦ 0
/Ø²bff
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f(x) ♦ 0
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(xk − ak)2 = r2)
/KT0
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a = (0, 0)

r = [4, 5]

 /±z$0 	$OQP
8)KK" ELL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ca,r(x)
&(#8)
a = ([−1, 1], [−1, 1])  r = 4.5 










x ⊆ ρc(k) =⇒ x ⊆ ρC
/ë 0
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{}Gfny{}g {+,−, ∗, /} ¶abf#{}Gf?©n~{} a♦b ~gwf­dfIzvu
a♦b = {a♦b | a ∈ a ∧ b ∈ b},
²~®nb
a/b








{^°$nybf¡~`^{}|^fZN~}nf©|4}ggyb{©²~ /   0¶
a ⊕ b = [a + b, a + b]
a 	 b =
[
a − b, a − b
]
a ⊗ b =
[
min(ab, ab, ab, ab),max(ab, ab, ab, ab)
] /   0
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f : U n → U ~g»e¬d~d¢ f :   U n →   U gydb nybdnX°±{^^||
x1, . . . ,xn ∈




~g||fI»nbf VN[ CO(#$LMO1JY L %	 {° CP yfZ|{^GfIny~{^
♦
~®°°ê{}^||
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f(x, y) : 3x2 − 2y + 9 ²~nyb x ∈ [−1, 3] Q y ∈ [−2, 4] ^zGf#dgyfIN°±{^{©v~¢nyb~g~d"|dgy~{}~{^dgxny?~}n
f(x, y) > 0
¸zGfZQgxf











½¾ gy{^ef¬`d^}n~®­dfZ2w~gxnQ"f³"{}dgxny?~}ngI¸4nybd~g~d"|dgy~{}  ^|gy{zGf³gydI"fIgg°±d||u»{©^fI6¸
²bfINf"´w~gnf}n~^||u¬`d`ny~­dfI³Q?ef"nf?gfi{n	n?¿^fN~}ny{^{^`n	~³nybdfqf|d©n~{}¬{^°6nbf
°±d"ny~{^4¶  {^f"´e|f^¸{^dgy~wfnybf#°±{}||{(²~¢¬"{^Qgn^~`n
(∃r ∈ r)(x21 + x22 = r2)
²~nyb
x1 = [1, 2]
¸
x2 = [−1, 1]
¸=^d
r = [1, 3]
¶BF4f"n







f(x1,x2) : ([1, 2]
2 + [−1, 1]2) = [1, 5] ¶  y{}e nybfG{}~`nq{°v~f²\{°~}nf©|4^y~nybefny~gI¸w²	f#bQZ^flnbf#°±{^||{©²~d¢X~}nfyfnny~{^ 
(∀x1 ∈ x1)(∀x2 ∈ x2)(∃z ∈ [1, 5])(x21 + x22 = z)
½¾d^xn~|^I¸w~®°
[1, 5] ⊆ r2 nybdf#°±{^||{©²~d¢X{^G{`gx~ny~{^~g|gy{X^f~®­QfI 








x ⊆ ρ ¶½¾¹e{^fX¢^ffI^|=}gxf /Ø`d^}ny~­dfZ~gxn^d"f{^dgxny?~}n#|~¿^f /KT0"0¸4nybf~}nf©|=fI©|dny~{^
~g|fIgg8fLSGfZny~^f^¸zGfZQgxf#f"´w~gxnyfI}n~^|4}Q}n~®­QfId^^eXfnyfIg8^yfl~dgy~flnybf¡f|d©nfI³°±d"ny~{^4¶
 {^f"´e|f^¸d"{^Qgx~wfnybf{^dgxny?~}n
(∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)2 + (x2 − a2)2 = r2)
²~nyb
x1 = [3, 6]
¸
x2 = [−1, 1]
¸
a1 = [−1, 1]
¸
a2 = [−1, 1]
¸4d
r = [4, 5]
¶#½Ñ°²8fX"{^Qgx~wfqnybf
°±d"ny~{^




([3, 6]−[−1, 1])2+([−1, 1]−[−1, 1])2 = [4, 53] ¶abf~d|dgy~{^ [4, 53] ⊆ r2 ~g6d{n6nydf^¸(gx{nbfnyfIgxn°Ø^~|g¶i;"|^ggy~¡~`nyf©^|<f|d©n~{}O^{nqy{©^f¡nybdninybf7~}nf©^|<^fIn{^
x = ([3, 6], [−1, 1])~g~dgy~wf{°nybfgy{^|wn~{} gxfnX{°nbf{^dgxny?~}nZ¸=zwn~nX~g¶2ab~g7°Ø|nX~g{nwdfNny{~}nyfIy|













(∀x ∈ x)(∀a ∈ a)(x♦a ∈ z) ¶ hv{d¸nbfl~`nyf©^|
a
~g	d{n{^dgy~wffI³}g	^Nf"´w~gnf}n~^||u¬`d^}ny~­dfZ³d^^eXfnyfIzdwn^g87d~^fIg||u
`d^}ny~­dfZ ©~z|f^¶O½¾ gxfZny~{^ ¶Û²	fgxb{©²Áb{©²ºnbfIgyfNf´v~gxnyf`ny~||u }Q}n~®­QfI d^^eXfnyfIg
IzGf#fI|~e~Q©nyfZN°±{^enybf¡fI©|d©n~{^{°=°±Qny~{^<¶
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gy{^|v~¢Nnbf`d^}n~®­dfIlfI|~e~Q©ny~{^{^z|fe bQZ^fXzGff¹y{}G{}gyfI¯^d»~e|fef`nyfZ¹gx~d"fnbf
~}ny{wdn~{}{°$nbf78qËÀzd}gxfZ|¢^{}y~nbe /Øgyff É Ê88iËX5 A7Ñ¸dÊËdF,G#· 5 >7Ñ¸dd É Ê 5 7#0"¶
 ¢^{w{wgx^fu³{°$nbfIgyf¡eXfnyb{wdgIzGfl°±{}d~ /:5<;I780¶
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F : (∃x)[ax2 + bx + c = 0] zGf
F : b2 − 4ac ≥ 0 ∧ [b 6= 0 ∨ a 6= 0 ∨ c = 0]
½¾Nnbf¡I^gyfq{^°w~gn?df#{^dgxny?~}n?g¸w7°±{}ye7|
F : (∃r ∈ [1, 2])[x2 + y2 = r2] ~gfI`~©|f`nn{Xnybf#°±{}||{©²~¢¬`d`ny~­dfyµë°±ffl°±{^e7| 
F : (x2 + y2 ≥ 1) ∧ (x2 + y2 ≤ 4)
pigy~¢Onybf É ÊV88iË ~e|fef`nny~{^ {°nybfN`d^}n~®­dfIf|~eX~dny~{^ ^|¢}{^~®nbe /Ø(©~|z|f












fIny~{^dg8°±{^i}Q}n~®­QfIw~gn?df¡{^dgxny?~}n?g¶hvfZn~{}   ¶D;#fIgyf`ng^|¢}{^~nybe ny{n^dg°±{}ye
Ë `d^}ny~­dfI~gxn^d"f#"{^Qgn^~`n8~`ny{`d^}n~®­dfIxµK°±ffi°ê{}ye7d|d¸`²bd~|f#gyfIn~{}   ¶ÛfIgyf}n?g
nbfgy^ef¡|¢^{^~nybe~OnbyfIf¡w~efdgy~{^d^|4^gyf^¶R{©²	f^fII¸wb~¢^bfIw~efIdgx~{^Qgfl{}wn{°$nbf
g"{}Qf#{°$nbfgyGfI"~­Q#`d^}n~®­dfIf|~eX~dny~{^{^G{`gxfZ³bfIyf}¶




ca,r(x) : f(a, x) = r
2 }g8°±{^||{©²~d¢ 
ca,r(x) : (∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)2 + (x2 − a2)2 = r2)
/KT0
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ci
a,r(x)









(∃r ∈ r)(f(a, x) = r2) ⇐⇒ f(a, x) ≤ r2 ∧ f(a, x) ≥ r2 /ë  0
 ~¢^dyf©zd7­d¢^dyf^8gyb{©² zG{nbw´w~|~u"{}dgn^~`ngI¶F4fndgV||v­d¢}yf©znybf # -
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(x1 − a1)2 + (x2 − a2)2 ≤ r2
w¶
(x1 − a1)2 + (x2 − a2)2 ≤ r2
¶
(x1 − a1)2 + (x2 − a2)2 ≤ r2
  ¶
















































	[   /Ø 0 N&	 WJ	?Ye
 /±z0 
w¶
x ∈ ([a1 − r, a1 + r],a2)
 ¶













(x1 − a1)2 + (x2 − a2)2 < r2
w¶
(x1 − a1)2 + (x2 − a2)2 < r2
¶
(x1 − a1)2 + (x2 − a2)2 < r2
  ¶
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ca,r(x) : f(a, x) = r
2}g	°±{}||{©²~¢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ca,r(x)
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(∃r ∈ r)(f(a, x) = r2) /±~nybdf#{}y~¢^~d|6"{^Qgn^~`n0zvu¬nbf{^©d"ny~{^
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ca,r(x)
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ce
a,r(x) 






(f(a, x) ≤ r2) ¸G²b~|f{^dgxny?~}n ce
a,r(x){^yfIgyG{^dg	n{nybf~fI`d^|~n¾u





























(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
w¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
  ¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
w¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
 ¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
v¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 ≤ r2
2fd{ny~"fnybQ©ne¬vu¢}Qg^yffIgyf`nV~nybf¢}^bX{^°Gnb~g	{(´v~e¬©n~{}4¶<½¾¬{^?wfny{¡­d||
nbfIgyfq¢}Qg²	fqz~|®ngxfn8{°<{^dgxny?~}n?gzd^gyfI¬{}³¢^fI{^ef"ny~f}n~®n~fZg	|~¿^fizG{(´wfIg	^dN"uv|~dwfIgI¶
qgX~ nybfn²	{2w~efdgy~{^d^|}gxf}¸V²	fdgxfOgx{}efzQ{(´wfIg?bd?^"nyf~fI zvu nybf°±{}||{©²~¢nybdyfIf
~}nf©|6~d"|dgy~{}"{^Qgn^~`ng 
>¶
x ∈ ([a1 − r, a1 + r],a2,a3)
;Id¶
x ∈ (a1, [a2 − r, a2 + r],a3)
;T;}¶



































(x1 ∈ a1) ∧ ((x2 − a2)2 + (x3 − a3)2 ≤ r2)
;Id¶
(x1 ∈ a1) ∧ ((x2 − a2)2 + (x3 − a3)2 ≤ r2)
;   ¶
(x1 ∈ a1) ∧ ((x2 − a2)2 + (x3 − a3)2 ≤ r2)
;Z¶
(x1 ∈ a1) ∧ ((x2 − a2)2 + (x3 − a3)2 ≤ r2)
;I d¶
(x2 ∈ a2) ∧ ((x1 − a1)2 + (x3 − a3)2 ≤ r2)
;w¶
(x2 ∈ a2) ∧ ((x1 − a1)2 + (x3 − a3)2 ≤ r2)
;Id¶
(x2 ∈ a2) ∧ ((x1 − a1)2 + (x3 − a3)2 ≤ r2)
;?>d¶
(x2 ∈ a2) ∧ ((x1 − a1)2 + (x3 − a3)2 ≤ r2)
d¶
(x3 ∈ a3) ∧ ((x1 − a1)2 + (x2 − a2)2 ≤ r2)
 ;}¶
(x3 ∈ a3) ∧ ((x1 − a1)2 + (x2 − a2)2 ≤ r2)
^¶
(x3 ∈ a3) ∧ ((x1 − a1)2 + (x2 − a2)2 ≤ r2)
d¶















(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
w¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
  ¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
w¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
 ¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
v¶
(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 < r2
¶
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½¾7{}h É Ê»~e|fIeXfI}n?©ny~{}7²	f	ffIgyf`nq"{}dgn^~`n$~nybdf°±{}ye {^°QnyfIf^¶ig~`nyfIyd^|`{wwfZg
{^°nybf¡nyfIf¡²	fbd(^f#|{}¢^~l{^GfIny{}g  d 	 ¶ignyfIye~d|<{wwfZg¸d²	fbdZ^f¡d{^wµ¾`d}n~­dfI
{^dgxny?~}n?g8{^~}nf©|6~d"|dgy~{}{^dgxny?~}n?g¶  ~¢^dyf 7gyb{©²gX¢^fIf~inyfIf#{°$nybf`d`ny~­dfI
w~gxnQ"f¡"{}dgxny?~}n























(x1 − a1)2 + (x2 − a2)2 ≤ r2
((((
(((x1 − a1)2 + (x2 − a2)2 ≤ r2






















(x1 − a1)2 + (x2 − a2)2 ≥ r2
((((
(((x1 − a1)2 + (x2 − a2)2 ≥ r2
hhhhhh (x1 − a1)2 + (x2 − a2)2 ≥ r2HHHHHH (x1 − a1)2 + (x2 − a2)2 ≥ r2
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(x1 − a1)2 + (x2 − a2)2 ≤ r2
w¶
(x1 − a1)2 + (x2 − a2)2 ≤ r2
¶
x ∈ (a1, [a2 − r, a2 + r])
kO{^f{©^fI¸+~°
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½¾¹nyb~ggyfIn~{}²8ffIgyf`nw~DSGfIyfI}n7}gxfZgl{^°}Q}n~®­QfI¹~gxn^d"f¬{^dgxny?~}n?gl~ ^Ë ^d¹^Ë¸
^d nybffIgy|®n?gX{°ld|uv~¢¹¹|}gygy~N~}nf©^|gy{^|^f /±²~nybd{^wn¬~fIzG{Z´ nyfIgxn0"¸8 ~}nyfIy|
gy{^|^fV²~nybN¡zd}gx~nyfZgnZ¸vd¬^¬~`nyfIy|Qgx{}|^fI"{}e7z~d~¢¡~df	zG{Z´XnyfIgxn	zd^gyfI{}¬{^8h É Ê
^|¢}{^~®nbe¶=az|fE;#fIgxfI}n?gX|~gxn{^°=`d`ny~­dfIw~gxn^d"fZg"{^Qgn^~`ng8~¯Ë¶
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c1a,r(x) x = ([−10, 10], [−10, 10]) a = (0, 0)
r = [4, 5]
c2
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])
r = 4.5
c3
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])
r = [4, 5]
c4
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−2, 2], [0, 0])
r = [2, 5]
c5
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1])
r = [3, 5]
a$^z|fE;  a	 6XJYe VOD
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c6
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1], [−0.1, 0.1])
r = [4, 5]
c7
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])
r = [4.4, 4.5]
c8
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])
r = [3, 6]
a$^z|f  a	 6XJYe VOD
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nbf#zG{(´wfIg8~dgy~flnyb~g 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Gqnybdf#{^nybfbd^d6¸vnbf#nyfIgxn
zd}gxfZ{}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ε = 2e−2   ±¦ $Ç $¦ 8Ã ¥¦ X¨¥Øª 8Ã ¥I¦    8Ã ¥I¦
c1a,r(x)a~ef/Øg0   ¶Û ;Z  ¶ }^ ¶ ^  ;
	{(´wfIg ;I v¸  }> v¸ }^ v¸ }^
½¾f  ¸ ^ > ¸ ^ >
c2
a,r(x)a~ef/Øg0  ;}¶ >     ^¶ ©^ ¶Û`
	{(´wfIg  ;Z¸ ^  K;Id¸ ^^  >¸Û   
½¾f     ¸Û^K;
c3
a,r(x)a~ef/Øg0 K;}¶      ^d¶<;Z ; ¶Û ;(
	{(´wfIg    ¸ © ^ ^   ¸ © ^ >¸Û^T>
½¾f     ¸Û^^ 
c4
a,r(x)a~ef/Øg0 ;?>d¶    ;Id¶     ¶Û>}
	{(´wfIg   ¸ ©    ;Id¸   ;Z w¸ T>} 
½¾f  ;^¸ }^ w¸  
c5
a,r(x)a~ef/Øg0   ¶     w¶Û>} ¶   ; ;
	{(´wfIg ;¸Û ;   d¸ ^^ v¸<;   
½¾f  w¸  ^   ¸Û>}
VfI~gy~{}
ε = 2e−1   ±¦ $Ç $¦ 8Ã ¥¦ X¨¥Øª 8Ã ¥I¦    8Ã ¥I¦
c6
a,r(x)a~ef/Øg0  ¶    w¶     >   ¶   ^
	{(´wfIg ;Z   ¸ ^} > w¸ ^     d¸   
½¾f  ;Z¸  K;I  ;Z¸ K;I
c7
a,r(x)a~ef/Øg0 d¶     }¶  ^   >¶ ^`
	{(´wfIg ;^¸<;I `w¸  ©  ;^¸<;I `w¸  ©  >T>d¸ ` 
½¾f   ^¸     
c8
a,r(x)a~ef/Øg0 >d¶ ^ ^    ¶Û>   ;Id¶ ^^
	{(´wfIg ;^¸Û>`w¸  ©  ;^¸Û>`w¸  ©  ;   v¸     
½¾f    w¸ > >^ 
az|f 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c1a,r(x)
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c5
a,r(x)
	  [ -  &(#8)8)K WJ8 # L6WJ	?Y9

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~`nyfIy|zd^gyfI ^{}^?b4¸Vf^fI nyb{}¢^b ^ {^wn~e¬^|~f¬zG{(´ nyfZgn¬zGf
^|~fZ6¶




x2 + y2 = [2, 2.25]2
(x − [3, 3.5])2 + y2 = [2.95, 3.05]2
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